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Abstract 

^ ' Irrational conformal field theory (ICFT) includes rational conformal 

field theory as a small subspace, and the affine-Virasoro Ward identities 
^ ■ describe the biconformal correlators of ICFT. We reformulate the Ward 

5h ' identities as an equivalent linear partial differential system with flat con- 

nections and new non-local conserved quantities. As examples of the 
formulation, we solve the system of flat connections for the coset cor- 
relators, the correlators of the affine-Sugawara nests and the high-level 
n-point correlators of ICFT. 
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1 Introduction 



Afiine Lie algebra, or current algebra on the circle, was discovered independently 
in mathematics and physics 0. 

It is now understood that affine Lie algebra underlies rational conformal 
field theory (RCFT) and irrational conformal field theory (ICFT), which in- 
cludes RCFT small subspace, 

ICFT D RCFT . (1.1) 

The chiral stress tensors of ICFT live in the universal enveloping algebra of the 
affine algebra, where they are given by the general affine- Virasoro construction 
[3,4], 

T = L'^' : (1.2) 

where Jq, a = 1, . . . , dim^f are the currents of affine g and L""^ is a solution of 
the Virasoro master equation [3,4]. 

The solution space of the master equation includes the affine-Sugawara con- 
structions [2,5-7] the coset constructions [2,5,8], the affine-Sugawara nests [9-11] 
and a vast number of new conformal field theories with generically irrational cen- 
tral charge. Partial classification of the solution space and other developments 



in the Virasoro master equation are reviewed in [|T2 



Recently, the present authors reported a system of equations, the affine- 



Virasoro Ward identities [|13|, which describe the biconformal correlators A{z, z) 



of ICFT. As derived, the Ward identities have the form, 

% ■ ■■dj.di^ ■ ■ ■di^A{z,z)\-,=, = Ag{z)Wj,,„j^^i,,„i^{z) , Ag{z) = A{z,z) 

(1.3a) 

Ag{z)Ql = , a = l,...,dimg (1.36) 

where are the affine- Virasoro connections and Ag is the affine-Suga- 

wara correlator, which satisfies the KZ equation [0 and the (/-global Ward iden- 
tity in (1.3b). 

The Ward identities follow from KZ-type null states, which live in the mod- 
ules of the universal enveloping algebra of the affine algebra, and the affine- 
Virasoro connections may be computed as averages in the affine-Sugawara con- 
struction on g. The system has been completely solved for the coset correlators 
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[13,14], the correlators of the affine-Sugawara nests |]T^ and the high-level four- 



point correlators of ICFT |T^. These developments are reviewed in Ref.[p!5 
and relevant results will be quoted as needed in Section 4. 

In this paper, we follow a suggestion of Douglas that the Ward identities 
might be cast in a more standard form, as a linear PDE with flat connections. 
We find that Douglas' intuition is correct, and an equivalent formulation of the 
Ward identities is the system, 

diA{z,z) = A{z,z)Wiiz,z) , diA{z,z)=A{z,z)Wi{z,z) (1.4a) 

A{z, z) Qa{z, z) = , a = 1, . . . , dim (yf (1.46) 

where Wi, Wi are the fiat connections of ICFT. The fiat connections are non- 
linear functionals of the affine-Virasoro connections, whose form we shall obtain 
in the development below. 

Perhaps more surprising is the existence of the non-local conserved gener- 
ators Qa{z, z) of Lie g, 

[Qa{z, Z), Qb{z, Z)] = ifab'Qciz, z) (1.5) 

which appear in (1.4b). These generators, which are also non-linear functionals 
of the affine-Virasoro connections, are the lift of the global generators into 
the space of ICFT's: Comparing eqs.(1.3b) and (1.4b), we see that the non-local 
generators play the same role in the general theory - restriction of the correlators 
to the singlet sector oi g - that the global generators play in the affine-Sugawara 
construction. Moreover, we shall see that the non-local generators include the 
usual global generators of h, 

Qa{z,z)=Ql , aeh (1.6) 

when h G g is an ordinary symmetry of the construction. 

The equivalence of the Ward identities (1.3) and the system of flat connec- 
tions (1.4) is established in Sections 2 and 3. In Section 4, we begin to translate 
what is known about the affine-Virasoro connections into the language of flat 
connections, focusing on SL{2, IR) covariance, K-conjugation covariance, cross- 
ing symmetry and the high-level form of the flat connections on simple g. Using 
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some of these properties, we also obtain the flat connections of the cosets and 
nests in Section 5. 

In Section 6, we discuss our results in further detail for the coset correlators 
13| , obtained as usual by factorizing the biconformal correlators of h and g/h. In 



this simple case, we see explicitly that fiat connections and non-local conserved 
quantities are induced for the conformal correlators as well. 

Finally, Sections 7 and 8 solve the high-level system of fiat connections to 
obtain the high-level n-point biconformal and conformal correlators of ICFT. 
The results for the correlators exhibit induced fiat connections and non-local 
conserved quantities for all ICFT, agree with the known form of the high-level 



four-point correlators and continue to show good physical properties when 
n 7^ 4. 



2 Flat Connections and Ward Identities 

In this section, we study a particular system of linear partial differential equa- 
tions, 

diA{z,z) = A{z,z)Wi{z,z) , diA{z,z)=A{z,z)Wi{z,z) (2.1a) 

(Z, Z) = {zi,...,Zn,Zi,..., Zn} (2.16) 

Wf{z) = W,{z,z) + W,{z,z) (2.1c) 

under the assumption of consistency. Here A", a = 1, . . . , D is a row vector, 
{Wi)a^ and {Wi)a^ are D x D matrices, and the ^'s are not necessarily com- 
plex conjugates of the z's. In what follows, we refer to A and Wi, Wi as the 
bicorrelator and its connections respectively. 

Note that the system (2.1) is not the most general PDF on 2n variables. 
Implicit in the definition (2.1c) is the restriction that the pinched fiat connections 

W,{z,z) = W,{z,z)U=, , W,{z,z) = W,{z,z)\,=, (2.2) 

are finite, where z = z means Zi = Zi for alH = 1, . . . , n. In this way, we exclude, 
for example, the KZ equation ||^ for a 2r2-point correlator, whose connections 
are singular on this line. In what follows, we refer to the quantity Wf in (2.1c) 
as the base connection of the system. 
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Proposition 2.1. The connections satisfy the flatness conditions, 

diWj - djWi + [Wi, Wj] = (2.3a) 

diW, - d,W, + [W,, Wj] = (2.36) 

{d, + Wi)W, = {d, + Wj)Wi (2.3c) 

which say that Wi and Wi are flat, and satisfy the cross-flatness condition (2.3c). 

Proof . These relations foUow as usual, by differentiation of (2.1a). □ 

Deflnition 2.2 . The differential operators 

Vi{z,z)=di + Wi{z,z) , Vi{z,z)=d^ + Wi{z,z) (2.4) 

are called the covariant derivatives. 

Proposition 2.3. All covariant derivatives commute, 

[A, -Dj] = [V,, Vj] = [P„ Vj] = . (2.5) 

Proof. The commutativity follows immediately from Proposition 2.1. □ 
Deflnition 2.4 . The non-linear functionals of the flat connections, 

= Vj^ ■ ■ ■ V,,V,, ■ ■ ■ A,]l|,-=, (2.6) 

are called the connection moments, where 1 is the D x D unit matrix. As 
examples, we have 

Wo,o = l , Wi,o{z) = Wi{z,z) , Wo,i{z) = Wi{z,z) (2.7) 

where Wi{z, z) and Wi{z, z) are the pinched flat connections in (2.2). 

Proposition 2.5. The connection moments are symmetric under exchange of any 
pair of i's or any pair of j's. 

Proof. The symmetry follows immediately from Proposition 2.3 and Deflnition 

2.4. □ 

Proposition 2.6 . The base connection is a flat connection, 

diWf - djWf + VF/] = . (2.8) 
Proof. Use (2.1c), Proposition 2.1 and the differentiation rule 

di[f{z,z)\,=,] = m + d,)f{z,z)]\,=, . (2.9) 
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□ 

Proposition 2.7. The connection moments satisfy the consistency relations, 

(5. + WnW,,..,^,,...,^ = W^,,..,,,.,..., + • (2.10) 

Proof . Use (2.1c), (2.9), Definition 2.2, Definition 2.4 and Proposition 2.3 to 
verify 

l.h.s. = {d, + d,+W, + Wi)V,, ■ ■■V.J),, ■ ■■V,^l\,=, 

(2.11) 

= {Vi + Vi)V,, ■ ■ ■ VjV^, ■ ■ ■ V,l\,=, = r.h.s. . 

□ 

Remark . The consistency relations (2.10) were given in eq.(8.11) of Ref.|]T3 



In eq.(4.1) of Ref.[14|, these relations are solved to express all the connection 
moments in terms of the base connection and the one-sided connection moments 
W^ji...j„o or iyo,n...ip- 

Definition 2.8 . The base correlator Ag, a = 1, . . . ,D is defined as 

Ag{z) = A{z,z) . (2.12) 

Proposition 2.9. The base correlator satisfies the base equation, 

d,Ag{z) = Ag{z)Wf{z) . (2.13) 

Proof . Differentiate the base correlator with eq.(2.9), and use eq.(2.1). □ 
Proposition 2.10. The bicorrelator satisfies the Ward identities, 

4 • • • ^j.dii ■ --^M^, z)\-z=z = M^Wn-j,M-U^) (2-14a) 
Ag{z) = A{z,z) , d,Ag{z) = Ag{z)Wf{z) . (2.146) 

Proof . Differentiate A as indicated, using (2.1) and Definitions 2.4 and 2.8. □ 

Definition 2.11 . The (invertible) evolution operators Fj^ and Fj^ of the flat 
connections in (2.1a) are 

F{z, z) = P*er '^Kw^(z',z) (2.15a) 
F{z, z) = p*J'-:<^4wdz,z') (2.156) 
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where P* is anti-path ordering. These satisfy 

diF^FWi , diF^FWi (2.16a) 

F{z,z) = F{z,z) = 1 . (2.166) 
Proposition 2.12 . The evolution operators may be written as 

°° 1 

Fiz, ^) = E 3 E n - ^j.)Wn...j„o{^) (2.17a) 

g=0 jl---jq V=l 

OO I P 

Fiz, ^) = E Z[ E n (^v - \)Wo,n...^M (2-17&) 

p=0 ii...ip n=l 

where Wo,ii...ip and Wjj^,„j^fi are the one-sided connection moments. 
Proof . To obtain (2.17b), follow the steps, 

F{z,z) = F{z,z + z - z) 

OO p 

= E Z[ E n (^v - ■ ■ ■ dipF{z, z) 1=-, 

p=0 ^' i\...ip n=l 

OO 1 p (2.18) 

= E-[ E n(^v-^v)^n---A,]iu- 

p=0 ii...ip /i=l 

OO P 

= E 3 E IK^V - ^v)W^o,n...v(^) 

p=0 ^' i\...ip n=l 

where (2.16) and Definition 2.4 were used in the last two hues. The result in 
(2.17a) follows similarly from F{z, z) — F{z + z — z,z). □ 

Proposition 2.13. The bicorrelator can be expressed in terms of the base corre- 
lator and the evolution operators, 

A{z, z) = Ag{z)F{z, z) = Ag{z)F{z, z) . (2.19) 

Proof . These relations follow immediately from Definition 2.8 and the properties 
(2.16) of F, F. □ 
Definition 2.14 . The (invertible) evolution operator of the base connection, 

Ag{z,z^) = P*J^^^^'^'^''^'^ (2.20) 
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will be called the base evolution operator. Some well-known properties of the 
base evolution operator include 

d^Agiz, zo) = Ag{z, zo)Wf{z) , d^Agiz, zo) = -Wi{zo)Ag{z, zo) (2.21a) 

Ag{zo,Zo) = l , Ag\z,zo) = Ag{zo,z) (2.216) 
Ag{zo, z)Ag{z, Zo) = Ag{z, z) (2.21c) 
A'-g{z)^Ag{zofAg{z,zo)p'' . (2.21c) 

Proposition 2.15. The evolution operators F and F are related by the base 
evolution operator, 

F{z,z)^Ag{z,z)F{z,z) , F{z,z)^Ag{z,z)F{z,z) . (2.22) 

Proof . Use Proposition 2.13 and (2.21b-d). 

Proposition 2.16. The evolution operators F and F satisfy 

{di + Wf{z))F{z, z) = F{z, z)Wi{z) (2.23a) 

{Bi + Wi{z))F{z, z) = F{z, z)Wiiz) . (2.236) 

Proof. To obtain (2.23a), use (2.21a) and (2.16a) to differentiate the first relation 
in (2.22). To obtain (2.23b), differentiate the second relation in (2.22). □ 

Proposition 2.17 . The flat connections can be expressed as non-linear functionals 
of the connection moments, 

Wi^ F-^diF ^ F-\di + Wi{z))F (2.24a) 

Wi = F-^diF = F-\di + Wf{z))F . (2.246) 

Proof . Because F and F are invertible, these forms follow immediately from 
Definition 2.11 and Proposition 2.16. □ 
Remark . The relations (2.24) are the inverse of eq.(2.6), which expresses the 
connection moments in terms of the connections. See Appendix B for further 
details of the inversion (2.24). 

Note also that the first forms in (2.24) give Wi and Wi as manifestly fiat 
connections. The second forms in (2.24) can also be used to verify the cross- 
fiatness condition (2.3c). 
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Theorem 2.18 . The system of Ward identities (2.14) is equivalent to the original 
system (2.1) of flat connections. 

Proof . In the development above, we have shown that the original system (2.1) 
implies the Ward identities (2.14). To see that the Ward identities imply the 
original system, Taylor expand the correlators 



A{z, z) = A{z, z + z — z) = A{z + z — z, z) 
and use the Ward identities to obtain eqs.(2.19) in the form, 

OO 1 p 

A-{Z, Z) = A^^iz) E -[ E n (^V - -^^.)Wo,n...^Mp'' 
p=0 ii...ip fi=l 

OO 1 q 

= ^"WE-y E nfe-%)w^......„o(^)/. 

g=0 jl-.-jq V = l 



Then we have 

d,A{z,z) = Ag{z)diF{z,z) = A{z,z)Wi{z,z) 

diA{z,z) = Ag{z)diF{z,z) = A{z,z)Wi{z,z) 
by equation (2.16a). 



(2.25) 



(2.26) 



(2.27a) 

(2.276) 
□ 



Remark . The relations (2.26) were given in eq.(6.13) of Ref. |]T3 . 



3 Non-Local Conserved Quantities 

In this section, we introduce some additional structure into the system (2.1) of 
flat connections. In particular, we now assume that the base connection Wf in 
(2.1c) exhibits a global invariance under a Lie algebra g. 

Deflnition 3.1 . Let (Qa)a^, a = 1, . . . ,dim5f, called the global generators of g, 
he D X D representation matrices of Lie g, which satisfy 



[Qa5 Qb. 

where fab"^ are the structure constants of g. 



[Qlwf{z)] = o 



(3.1a) 
(3.16) 
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Proposition 3.2. The base evolution operator in (2.20) is ^f-invariant, 



[QlAg{z,z,)] = Q . (3.2) 

Proof . The commutativity follows immediately from (3.1a) and (2.20). □ 

Proposition 3.3. The quantities (A^Q^)", a = 1, . . . ^dimg are covariantly con- 
stant, 

Vi{A, Q'i) ^ d,{A, Qi) - {A, Ql)Wf = (3.3) 
where Ag is the base correlator in eq.(2.12). 

Proof . Differentiate as indicated, using the base equation (2.13) and eq.(3.1). □ 
Proposition 3.4. It is consistent to choose the singlet sector of the base correla- 
tor, 

Ag{z)Ql = , a = l,...,dim^7 (3.4) 

which is called the (^-global Ward identity. In the language of initial value prob- 
lems, this means that the choice of a (^-invariant initial condition Ag{zQ)Q^ = 
is preserved after evolution to any point z, 

Agizo)Qi = Mz)Qi = (3.5) 

and (3.5) defines the sense in which the global generators are conserved. 
Proof . The statements (3.4) and (3.5) follow immediately from Proposition 3.3. 

□ 

Remark . The structure above is well known in the study of KZ equations [0, 
where (3.4) is called the ^f-global Ward identity. It is our task to find the lift of 
this structure into the system (2.1) of fiat connections. 
Definition 3.5 . The non-linear functionals of the connection moments, 

Qa{z,z) = F'\z,z)QiF{z,z) , a = l,...,dim^ (3.6) 

are called the non-local generators of g, where F is the evolution operator in 
(2.15b). The explicit form of these functionals is worked out in Appendix C. 

Proposition 3.6. The non-local generators are a representation of Lie g, 

[Qa{z,z),Qb{z,z)] = ifab''Qc{z,z) . (3.7) 
Proof . Qa is a similarity transformation oi Q^. □ 
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Proposition 3.7. The non-local generators have two equivalent forms, 

Qa{z, z) = F-\z, z)QlF{z, z) - F-'{z, z)QlF{z, z) (3.8) 
where F is the evolution operator in (2.15a). 

Proof . Using Definition 3.5, Proposition 2.15 and Proposition 3.2, we have 



F-\z, z)QiF{z, z) = F-\z, z)A-\z, z)QiMz, z)F{z, z) 
^F-\z,z)QlF{z,z) . 



(3.9) 

□ 



Proposition 3.8. Qa is covariantly constant, 

DiQa = BiQa + [Wi, Qa] = (3.10a) 

DiQa = diQa + [Wi, Qa] = . (3.10&) 

Proof . Differentiate the two forms of Qa in (3.8), using eqs. (2.16a) and (3.1b). 

□ 

Remark . The relations (3.10) are consistent because and are flat and 
cross-flat. 

Proposition 3.9 . The quantities (AQa)", a, = 1, . . . , dimgf are covariantly con- 
stant, 

Di{AQa) = BiiAQa) - iAQa)Wi - (3.11a) 

D,{AQa)=d,{AQa)-{AQa)W, = . (3.116) 

Proof . These relations follow from Proposition 3.8 and the differential equations 
(2.1a) for the bicorrelator. □ 

Proposition 3.10 It is consistent to choose the singlet sector of the bicorrelator, 

A{z, z)Qa{z, z) = , a = 1, . . . , dim (? . (3.12) 

In the alternate (initial value) language of Proposition 3.4, this means that the 
non-local generators of g are conserved quantities, 

A{zo,zo)Qaizo,zo) ^ A{z,z)Qaiz,z) ^0 (3.13) 

under the evolution defined by the system of fiat connections. 

Proof . The statements (3.12) and (3.13) follow immediately from Proposition 

3.9. □ 
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Proposition 3.11. The consistent choice of singlet sectors under and Qa{z, z) 
are equivalent, 

Ag{zQ)Ql = ^ Ag{zQ, ZQ)Qa{zQ, zq) = (3.14a) 

Ag{z)Qi = ^ Ag{z, z)Qa{z, z)=Q . (3.146) 
Proof . Using (2.19) and (3.8) we have 

A{z, z)Qa{z, z) = Ag{z)QlF{-z, z) . (3.15) 

Because F is invertible, the statements in (3.14) follow in both directions from 
eq.(3.15). □ 
Theorem 3.12 . Including the conserved quantities, the description by flat con- 
nections is equivalent to the description by Ward identities: 

a) Flat connections. 

diA{z, z) = A{z, z)Wi{z, z) , diA{z, z) = A{z, z)Wi{z, z) (3.16a) 
A{z^z)Qa{z,z^ =^ , a = 1, . . . , dimfyf (3.166) 

b) Ward identities. 

'9ii---<9i,5i, ■■■9ipA(z,2;)|,-=, = Ag(2;)W^j-,...j^,,,..,i^(z) , Ag{z) = A{z,z) 

(3.17a) 

Ag{z)Ql = , a = l,...,dimg . (3.176) 

Proof . The equivalence of the differential systems (3.16a) and (3.17a) was es- 
tablished in Theorem 2.18. The equivalence of the statements of ^f-invariance in 
(3.16b) and (3.17b) summarizes the conclusions of this section. □ 

4 Irrational Conformal Field Theory 

We have shown a 1-1 correspondence between the Ward identities (3.17) and the 
system (3.16a) of flat connections including the non-local conserved generators 
of g in (3.16b). 

As noted in the introduction, the affine-Virasoro Ward identities |]13[ have 
exactly the form (3.17), and so irrational conformal fleld theory (ICFT) pro- 
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vides us with a very large class of concrete realizations of the system of flat 
connections^. In these realizations, we have the following translation dictionary. 

A. Bicorrelators biconformal correlators. 

Biconformal correlators are averages of Virasoro biprimary fields [16,13], which 
are simultaneously Virasoro primary under the commuting K-conjugate pair 
[2,5,8,3] of affine- Virasoro constructions, 

T = L'^" : : , T = L^':jaJt: (4.ia) 

L-b + L^b^Lf , f + T = Tg = Lf:jJ,: . (4.16) 

Here, Ja, a = 1, . . . , dim^f are the currents of affine g [2,1], L"^ and L"-^ are a 
K-conjugate pair of solutions to the Virasoro master equation [3,4], and Tg is 
the affine- Sugawara construction on g [2,5-7]. 

In this paper, we discuss only the simplest set of biconformal correlators, 
z) = {R'^{r\ -zi,z,)... R"-{r^, Zn, Zn)) , « = («!... «„) (4.2a) 

R-iT, z, z) = exp[(^-^)£ ^f{w)]R'^iT, z) = exp[(z-z)£_ ^T{w)]R'^g{T, z) 

(4.26) 

because they satisfy the simplest affine- Virasoro Ward identities, given in (1.3). 
In this case, we include only the biprimary fields i?"(T, 5, 2;), a = 1, . . . dimT of 
the broken affine-primary fields, where Rg{T, z) is the L"^-broken affine primary 
field [|^ corresponding to matrix irrep T of g. 

B. Base connection KZ connection on g, 
base equation —> KZ equation on g, 

base correlator —>■ affine-Sugawara correlator on g, 
base evolution operator — evolution operator on g. 
The explicit forms of these objects are well known, 

n 'Ti'TJ " 

W!{z) = 2LfY.^ ' Qi = llV , a = l,...,dim^ (4.3a) 

j^i i=l 

Ag{z) = A{z, z) = {Rg{T\ zi)... i?,(T", zn)) = Ag{zo)Ag{z, zo) (4.36) 



^The invariant four-point Ward identities [ p3[ are also equivalent to a system of invariant 
flat connections (see Appendix A). 



12 



A,{z)W!{z) , A,iz)Ql = 



(4.3c) 



where T"* 



1, . . . , n is the matrix irrep of g corresponding to the ith affine 



primary field Rg. 

When h G g, we also have the fiat connections and correlators of h, 



Wl\z) = 2LtY.'^ 



A'^,iz)=A^,izo)A,iz,zo)p^ 
[QlWtiz)] = [A,{z,zo),Qi] = A,{z)Qi = 



a E h 



(4.4a) 

(4.46) 
(4.4c) 



where Ah{z, zq) is the (invertible) evolution operator of h. The properties of this 
evolution operator mirror those of the evolution operator on g, including 



diAhiz, zo) = Ah{z, zo)Wt{z) , Ah{zo, zo) = 1 

Ah{z, z) = Ah{zo, z)Ah{z, Zo) = Al^{z, zo)Ah{z, zq) 
Ah{z, z) = Ah{zo, z)Ah{z, Zo) = Aj^^iz, Zo)Ah{z, zo) 



(4.5a) 

(4.56) 
(4.5c) 



C. Connection moments — > affine- Virasoro connections. 

The affine- Virasoro connections M/ji...jg,ii...jp may be evaluated in principle from 
the formula [13,14], 



.jq,il...ip[Z)l3 



.r=l 



dujr f drjr 
2'Ki luir 27ri 7]^ 



Csds 



ls=l 



q+s 



dr], 



q+s 



Zig 2,1X1 Jijjq+s 2ni Tjqj^g 



00. 



q+s _ 



x{JaAVl)-JbA^l) ■ ■ ■ ■Jaq{Vq)\{^^q)JcAVq+l)Jdr{uJg+i) . . . 

JcAVq+p)JdM^p)RT (^'' ^l) • • • ^n)) (4.6) 

since the required averages are in the affine-Sugawara construction on g. Results 
have been obtained thru second order [q+p = 2) for all theories ||l3l, to all orders 
for all coset constructions [13,14] and affine-Sugawara nests [|l4|, and to leading 



order at high level for all ICFT on simple g [14 
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D. Formula for the flat connections. 

Using (4.1), (4.2) and the system BiA — AWi, diA — AWi of flat connections, 
we obtain the relations 

A^{z,z)Wi{-z,z)p'' 

^.^{Ja{v)Uw)R^^{T\-z,,z,)...R^-{T\zn,Zn)) 

(4.7a) 

Al'{-z,z)W,{-z,z)p^ 

= i ^.^{Ja{r))Uw)R'^\r\z,,z,)...R'^-{r\z^,z^)) 
Jzi 2m Jw 2m r] — w 

(4.76) 

which are equivalent to the formula (4.6) for the one-sided affine-Virasoro con- 
nections. The original form in (4.6) is apparently superior for computational 
purposes. 

E. SL{2,]R) X SL{2,]R) covariance. 

Because affine-Virasoro constructions come in commuting K-conjugate pairs, we 
know that the biconformal correlators satisfy the SL{2, H) x SL{2, H) relations. 



Aj^Wi^A J2i^iWi + A,) ^A J2{^fWi + 2zA) = (4.8a) 

i=l i=l i=l 

Aj2Wi = Aj2{ziWi + Ai) ^Aj2{z!Wi + 2ziAi)^0 . (4.86) 



1=1 



Then, repeated differentiation of (4.8) at z — z gives the corresponding SL{2, JR) 
x5'L(2,]R) relations for the affine-Virasoro connections. For example, the right 
index or L-relations, 

n 

AJ2^n■■■J.,n...^,^-0 (4.9a) 



1=1 



i=l i=l 

n n p 



i=l i=l v=l 

P P 



(4.9c) 
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are obtained from (4.8b) using diA = AWi, eq.(2.6) and the Ward identities 
(3.17a). In (4.9c), the omission of an index is denoted by a hat. Analogous left 
index or L-relations with A ^ A are obtained from eq.(4.8a) and diA = AWi. 

In the remainder of this section, we use the results, 

W,{z, z) = F-\z, z)d,F{z, z) , W,{z, z) = F-\z, z)d,F{z, z) (4.10a) 
Q,(z, z) = F~\z, z)QiF{z, z) = F-\z, z)QiF{z, z) (4.106) 

oo 1 q 

nz.z) =T.-,11 n(^> - ^3.Wn..,A^) (4.10c) 

oo 1 V 
p=0 i^' ii...ip fi=l 

to translate some of what is known about the affine-Virasoro connections into 
the language of flat connections. 

1. Pinched fiat connections. Using (4.10) or (2.7), we obtain the pinched fiat 
connections, 

W,iz,z) = W,,oiz) = 2L"''5]^ (4.11a) 

W,iz,z) = WoM = 2^""^: ^ (4.116) 

W,{z, z) + Wi{z, z) = Wfiz) (4.11c) 

from the k;nown form [jl3| of the first-order afiine-Virasoro connections. 

2. L and L dependence |T3|. The one-sided connections Wjj^,,,j^fl{L, z), and 
W^o,ii...ip(-^) 2;) are functions of L and L respectively, so the evolution operators 
and fiat connections are also functions only of L or L, 

F{L,z,z) , F{L,z,z) (4.12a) 

WiiL,z,z) , Wimz,z) . (4.126) 

3. K-conjugation covariance. Under K-conjugation, the afiine-Virasoro connec- 
tions satisfy 



Wji-j„o{L = L,) = Wo,ii...i,(^ = L^) , Wo^i^,„i^{L = U) = Wi,,„i^^o{L = L,) 

(4.13) 
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so the evolution operators and flat connections satisfy, 

F{L = L^,z,z) = F{L = L^,z,z) , F{L = L^,z, z) = F{L = L^, z,z) 

(4.14a) 

WiiL = L^,z,z) = Wi{L = L^,z,z) , Wi{L = L^, z, z) = Wi{L = L^, z, z) . 

(4.146) 

From these relations, we also learn that the biconformal correlators and non- 
local conserved quantities satisfy 

A{z,z)\i^L = A{z,z) (4.15a) 

Qa{z,z)\i^L = Qa{z,z) , a = 1, . . . , dim ^ (4.156) 
under exchange of the K-conjugate theories. 

4. Crossing symmetry. The affine-Virasoro connections satisfy the crossing 
symmetry [|14 

Wj,.„j^,i,.„i^{z)\k^i = Wji...j„n...»,(^) (4.16a) 

^ T' , Zk ^ zi , i ^ I 01 k when i = k or I (4.166) 

where k ^ I means exchange of T's, z^s and indices, as given in (4.16b). It 
follows from (4.10) that the evolution operators, flat connections and non-local 
conserved quantities satisfy the crossing relations 

F{z,z)\k^i = F{z,z) , F{z,z)\k^i = F{z,z) (4.17a) 

W,{z,z)\k^i = Wi{z,z) , W,{z,z)\,^i = W,{z,z) (4.176) 
Qa{z,z)\k^i = Qa{z,z) (4.17c) 
^ T' , Zk ^ Zi , Zk ^ zi , i ^ I OT k when i = k or I (4.17c/) 

where k ^ I now also includes the exchange of ^'s, as given in (4.17d). 

5. High-level fiat connections. On simple g, we know the high-level affine- 
Virasoro connections 

= (li j W,^,o + Oik-') , g > 1 (4.18a) 

Wo,n...i, = (^U d,}j Wo,, + Oik-') , p > 1 (4.186) 
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W,,..,^,,„..,^ = 0{k-^) , q,p>l (4.18c) 

_ pab pab 

L'^'' = — + 0{k'^) , L''' = — + 0{k-^) (A.lSd) 

where VFj.o and VFo,i are given in (4.11a,b) and P and P are the high-level 
projectors [17,18] of the L and the L theory respectively. This translates to the 
high-level form of the evolution operators, 

pab 

F{z, z) = 1 + —Y: XV ^(^~') (4-19a) 

F{-z, ^) = a + ^ E VV In ('-^] + 0{k-') (4.196) 



t. ^ a b 1 - 



and so we obtain 



pab 'T^'T^ 

W,{z, z) = W,,,{z) + 0{k-^) = -TT E + ^(^"') (4-20a) 

pab '-ri'-rj 

Wi{z, z) = WoAz) + 0(A:~') = -TT E + ^(^"') (4-206) 

for the high-level fiat connections of ICFT. 

Using (4.10b-d) and (4.19), we also obtain the high-level forms of the non- 
local conserved quantities 

pah f 7-\ 

Qa{-z, z) = Ql + [Ql, — E In ^ VV] + 0{k-') (4.21a) 

i<.j \ U / 

= Qi + [Ql ^ E In f ^1 VV] + 0{k-') (4.216) 

i<j / 

where the equality of the two forms is easily verified with L + L = Lg. 

In Section 7, we use these results to solve the system of fiat connections for 
the high-level n-point correlators of ICFT. 



5 Flat Connections for Cosets and Nests 

The afiine-Sugawara nests [9-11,13,14] generalize the g/h coset constructions 
[2,5,8] to CFT's on the subgroup nests| (7 D /ii D . . . D The all-order 
•tXhe higher nests {n > 2) are tensor product CFT's but this wiU not be needed here. 
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affine-Virasoro connections of the cosets and nests were computed in Ref.|]H 



employing an iterative scheme based on K-conjugation and the solution of the 
consistency relations (2.10). Using these results, we may obtain the flat connec- 
tions of the cosets and nests from eq.(4.10). 

Instead, we develop here a related iterative method which works directly 
with the fiat connections. In particular, the scheme uses only the relations, 

Wi[L = L^,z,z] =Wi[L = L^,z,z] (5.1a) 

diF = FWi , F{z,z) = l (5.16) 

Wi{z,z) = F-\z,z){d, + Wf{z))F{z,z) (5.1c) 

collected from above, where (5.1a) is the K-conjugation covariance of the fiat 

connections. 

L = Lg, L = 



For the trivial theory L = 0, we begin with the trivial connection, 

Wi[L = 0,z,z]=0 . (5.2) 

Then we may compute 

F[L = 0,z,z] = l (5.3a) 

W,[L = Lg,z,z] = Wf{z) (5.36) 

from (5.1b) and (5.1c), where Wf{z) is the KZ connection in (4.3a). 
L = Lg/h, L = Lh 

When h G g, we may rename the groups to obtain 

W,[L = L,,z,z] = W':{z) = 2Lf (5.4) 

from (5.3b) and (5.1a). Then, we compute from (5.1b) and (5.1c) that 

F[L = Lh, z, z] = Ahiz, z) = A^\z, z) (5.5a) 

W,[L = Lg,n, z, z] = Ah{z, z){d, + W!{z))Ah{z, z) 

= Ah{-z,z)W!'\-z)An{z,z) 
where A^ is the evolution operator (4.5) on h and Wf^^ = Wf — Wj^. 
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(5.56) 



When g D hi D h2, we obtain 

Wi[L = Lh,/h„z,z] = Ah,{z,z)Wt'/''\z)Ak,iz,z) (5.6a) 

F[L = Lhi/h2 ,z,z]^ Ah^ {z, z)Ah^ (f , z) (5.66) 

Wi[L = Lg,n,,h,rz.z] = Ah,{z,z)Ah,{z,z)wf''\z)Au,{z,z)Au,{z,z) + W^^^z) 

(5.6c) 

where (5.6a) follows from (5.5b) and (5.1a), and (5.6b,c) are computed from 
(5.1b) and (5.1c) respectively. 

From these examples, it is clear that we are following an iterative procedure 
whose general form is 

Wi[L = Lh^/.../h^+^ F[L = Lh^/.../h,,+i] 

^ lyjL = L,/,,/.../,„^J . (5.7) 

The first step in (5.7) is a renaming of the groups, followed by the application 
of eqs.(5.1a,b,c) in that order. 

Continuing this iteration, we find that the evolution operators of the general 
nest have the form 

P[L = Lh^/.../h2u+i^^^A = ^h,{z,z)Ah2{z,z)---Ah^^^^{z,z) (5.8a) 
F[L^ Lh^/.„/h2n,z,z] ^ Ah,(z,z)Ah^(z,z)---Ah^^(z,z) (5.86) 

F[L = Lg/h,/.../h„, z, z] = Ag{z, z)F[L = Lh,/.../h„, z, z] (5.8c) 

where Ah^{z,Zo) is the evolution operator on hi, defined as shown in eq.(4.5). 
It follows from (5.8) and (5.1c) that the flat connections satisfy the recursion 
relations, 

Wi[L = Lg/h^/,„/h^^^^,z,z] 

(5.9a) 

= An,^^,{z,z) {w,{z,z)[L = Lg/^,/.../Hj - Wt'-^\z)) An,„^,{z,z) 

Wi[L = Lg/hi/.../h2n:^:Z] 

(5.96) 

= A^A^, z)Wi{z, z)[L = Lg/^,^/.../h2n-Mh2ui^, z) + Wt'-{z) 
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which generate the flat nest connections to any desired depth, starting from 
eq.(5.3b). 

We remark that these connections can also be obtained in an alternate 
iteration scheme based on the relations 

Wi[L = L^,z,z]= Wi[L = L^,z, z] (5.10a) 

{d, + Wi)W, = {dj + W,)Wi (5.106) 

W,{L, z, z) = W,,o{L, z) , W,{L, z, z) = Wo^L, z) . (5.10c) 

In this scheme, one solves the cross-flatness condition (5.10b) for Wi at each 
depth of g/hi/ . . . /hn, flxing the constants of integration by the boundary con- 
ditions (5.10c). 

As a check on these results, we compute the biconformal nest correlators, 
using eqs.(2.19), (4.5) and the evolution operators in (5.8). We obtain 

A[L = Lg/h^/_/h^^^^,L = Lh^/.../h2^+i] (5.11a) 

= Ag{z)Ah^{z,z)Ah.Xz,z) ■ ■ ■ Ah2^^^{z,z) (5.116) 

= Ag{zo) [Ag/h, {z, zo)Ah,/h2 {z, zo)--- Ah^jhi^+i {z, zo)Ah^^+, {z, z^)] (5.11c) 

A[L = Lg/hi/,„/h2„,L = Lhj.../h2j\ (5. lie/) 

= Ag{z)Ah^{z,z)Ah^{z,z) ■ ■■Ah:,,Xz,z) (5. lie) 

= Ag{zo) [Ag/h, {z, zo)Ah,/h2 {z, Zo)--- Ah.,r,-^/h2„ {z, zo)Ah2„ {z, zq)] (5.11/) 
where the deflnition 

Ah^/h^^,{z,zo) = AhXz,zo)Aj;l^{z,zo) (5.12) 

is used in (5.11c) and (5.11f). The results in (5.11c,f) are precisely those ob- 
tained in Ref.|l5, while the alternate forms in (5.11b,e) show explicitly that the 
biconformal correlators are independent of the reference point Zq . 



We turn now to the non-local conserved quantities Qa = F~^Q^F of the 
cosets and nests. In the form (5.11c,f), the biconformal nest correlators satisfy 
the non-local conservation laws 

A{z, z)Qa{z, z) = , a = 1, . . . , dim^f (5.13) 
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so long as the affine-Sugawara correlator Ag{zo) satisfies the global Ward identity 
Ag{zo) J27=i '^a — 0- further detail, if one considers only the differential system 
(3.16a) of fiat connections, the solutions for the biconformal nest correlators 
are those in (5.11c,f), with Ag^zo) replaced by an arbitrary initial condition 
A{zq). The initial condition is then fixed to Ag[zQ) by requiring the non-local 
conservation law (5.13). 

We also remark that the non-local generators Qa-, a E h simplify to the 
usual global generators of h when h d g is 3J1 ordinary symmetry of the con- 
struction. To see this, note first that 

[QlW!^^{z)] = [QlAh^{-z,z)]=Q , aehk , k>z (5.14a) 

[Qi,W^^^{z)] = [QlAf,X^,z)] = , aeh^ . (5.146) 

5- D /ii D . . . D /in , g = ho (5.14c) 

where (5.14a) follows from the embedding order of the subgroups and (5.14b) is 
included in (5.14a). It follows from (5.8), (4.10b) and (5.14b) that 

L = Lg/hi/.../hr, , L = Lh^/_/h„ (5.15a) 

Qaiz,z) = Ql , aehn (5.156) 

while the other generators Qa{z, z), a E g/hn remain generically non-local. The 
coordinate- independent form of the h generators in (5.15b) is in accord with the 
known Lie /i-invariance of the cosets and nests, and should persist for all Lie 



/;,- invariant conformal field theories 111 111. 



6 Induction to Coset CFT's 



The coset correlators |13|, which describe the coset CFT's, are obtained by 
factorization [13,14] from the biconformal correlators of h and the g/h coset 
constructions. In this section, we note that the fiat connections and non-local 
conserved quantities of the biconformal correlators induce related fiat connec- 
tions and non-local conserved quantities for the coset CFT's themselves. 

To warm up, we consider first the case of the affine-Sugawara construction 
on g, which is K-conjugate to the trivial theory. In this case, the results of 
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Section 5 reduce to 

L = Lg , L = (6.1a) 

W,{z,z) = W!{z) , W,{z,z) = Q (6.16) 

diA{z, z) = A{z, z)Wf{z) , diA{z, z) = (6.1c) 

A{z,z) = Ag{z) (6.1c/) 

n 

Qaiz,z) = Qi = J2V , a = l,...,dim^ (6.1e) 

i=l 

SO that the biconformal correlator is the affine-Sugawara correlator on g and 
A{z, z) Qa{z, z) = is the usual (^-global Ward identity. At the risk of belaboring 
the simplest case, this example shows clearly that the KZ equations are included 
in the general system (3.16) of flat connections, and that the general system is 
a large set of generalized KZ equations. 

For h and the g/h coset constructions, the results of Section 5 reduce to 

L = Lg/h , L = Lh (6.2a) 

W,{z, z) = A^{z, z)Wf/\z)Ai,{z, z) , W,{z, z) = W^iz) (6.26) 
A^{z, z) = Ali^{z, z^)A^{z, ^o)/ (6.2c) 
A-/,(z, zo) = AP^{zo)Ag/f,{z, zo)/3" (6.2c/) 

{Ah{z,z)QlAh{z,z) , aeg/h 



where ^^//i in (6. 2d) are the coset correlators ||T3|, whose corresponding coset 
blocks [19,13,20] were first discussed by Douglas. 

In this case, we remark first that the coset correlators are known to satisfy 



the coset equations |13 



d,A'^/^{z, zo) = a1/^{z, Zo)W,[g/h, z, ^o]/ (6.3a) 

W,[g/h, z, Zo] = A^{z, zo)Wt{z)Al\z, z^) (6.36) 

where the dressed coset connections Wi\glh\ in (6.3b) are flat connections. Com- 
paring the fiat connections in (6.2b) and (6.3b), we see that the dressed coset 
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connections are induced from the barred flat connections by choosing z to be 
the regular reference point ^o, 

WiXgjh, z, Zo] =W,[L = Lg/^, z, zq] . (6.4) 

See Section 8 for further remarks on induced flat connections for the correlators 
of all ICFT. 

Our second remark is that the coset correlators also enjoy a set of non-local 
conserved generators of g, induced from the non-local conserved generators of 
the biconformal correlators. To see the induction, we need the identity 

Ah{z, Zo)Qa{z, Z) = Qa{z, Zo)Ah{z, Zq) (6.5) 

which follows from the properties (4.5b,c) of Ah- Then, beginning with the 
non-local identity for the biconformal correlator, we have 

= Al,j^{z, zo)Ah{z, zo)/Q,{z, z)/ 

(6.6) 

= Zo)Qaiz, Zo)/Ah{z, Zq) p"' . 

This tells us that the induced generators Qa{z,zo) are non-local conserved gen- 
erators of g for the coset correlators. 



Aj/J^,^o)Qa(^,^o)/3" = (6.7a) 
[Qa{z, Zo), Qb{z, Zo)] = ifab'Qciz, Zo) (6.76) 

Qa[Z,Zo) = \ (6.7c) 

{Ah[z,zo)Q3^Ah[zQ,z) , aeg/h 
because A^ is invertible. The result (6.7) can also be verified directly from the 
form of the coset correlator in (6. 2d). 

As anticipated, eq.(6.7) shows the well-known global /i-invariance of the 
coset correlators |13|, supplemented now with the new non-local conserved gen- 
erators of g/h. 
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7 The High-Level Biconformal Correlators of ICFT 



Collecting the high-level results from Section 4, we wish to solve the high-level 
system of flat connections, 



pab n'i'T'i 

d,A{z, z) = A{z, z)\—Yl + 



(pab T^T^ 

A{z,z) Qa{z,z) = 0{k-^) 



(7.1a) 

(7.16) 
(7.1c) 



pab I y 

Qa{z,z) ^Qi-r[Ql — Y.W^A-]]+0{k-') {7. Id) 



jab 



i<3 



(7.1e) 



where P and P are the high-level projectors of the L and the L theory re- 
spectively. The solutions of this system are the high-level n-point biconformal 
correlators of ICFT, 



A(^-,^) = A,(zo) (i+EW 



+ 



+ 0(0 



(7.2a) 
(7.26) 



where zq is a regular reference point. 

In further detail, the solution to the differential system (7.1a,b) gives (7.2a) 
with the left factor as an undetermined row vector ^''(^o), instead of A^(zo). 
The row vector is then fixed to be the affine-Sugawara correlator Agiz^^) by the 
non-local conservation law (7.1c). 

Here is a partial hst of the properties of the high-level biconformal correla- 
tors in (7.2). 
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A. An alternate derivation. The same result (7.2) is obtained by summing the 
partially-factorized form of the biconformal correlators ||14| 

n q p 



q,p=0 y- ji...jq I'- Jl...lpAl=l 



(7.3) 



using the high-level form of the affine-Virasoro connections in (4.18). 

B. zq- independence. The high-level biconformal correlators (7.2) are independent 
of the reference point zq, 

d 



dz? 



A{z,z) = 0{k-') 



(7.4) 



as they should be. To see this, we may use the high-level form of the KZ equation 
d 



dz? 



Ag{Z0) = Ag{Z0) 



k 



(7.5) 



or we may rearrange the result in the equivalent forms, 
A{z.z) = Ag{z) 



pab ( y ^ 

i<j 



pab / ^ ^ 



i<j 



+ oik-^) 
+ oik-^) 



(7.6) 



which also follow from eqs.(2.19) and (4.19). 

C. SL{2, IR) X SL{2, IR) covariance. Using the global Ward identity (7.2b) and 
the conformal weights of the broken affine primary fields |jl3| 



(7.7) 



we verify that the biconformal correlators satisfy the SL{2, IR) x SL{2, IR) rela- 
tions, 

n n n 

J2d,A" = Y.{zA + A^JA'' =J2iz^d, + 2z,A^JA" = Oik-') (7.8a) 

i=l i=l i=l 

n n n 

Y,d,A'- = J2{zA + AaM'" =E(-2'^^ + 2^^^"J^" = ^(^^') (7-8&) 



i=l 



i=l 



i=l 
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in accord with eq.(4.8). 

D. Factorized form. The biconformal correlators are easily written in the fac- 
torized form 



A{z, z) = Ag{zo) 



pab / ^ N 



i<j 



(7.9) 



+ o{k- 



since the correction terms are 0{k ). Using this result, we may obtain the 



high-level conformal correlators A{z, zq) from the factorization |13 

A'^iz, z) = A\z, z^)A{z, z^)f{^ + . 
These correlators are given and discussed in the following section. 



(7.10) 



8 The High-Level Conformal Correlators of ICFT 

Comparing the factorized forms (7.9) and (7.10) of the biconformal correlators, 
we read off the high-level n-point conformal correlators of ICFT, 



A{z,z^ = Ag{zo) 



:>ab 



^ i<j 



pab 



+ o{k- 



2k 



+ o{k- 



(8.1a) 
(8.16) 



Here is a partial list of properties of these correlators. 

A. High-level cosets and nests. Using the high-level forms of the evolution op- 
erators of g and /i. 



->ab 



Ag{z, ^o) = 1 + ^ E In Mf + 0{k- 



A-,\z, ^o) = 1 - ^ E In {'4] + o{k 

i<j 



(8.2a) 
(8.26) 
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we verify that the high-level forms of the coset correlators (6. 2d) are correctly 
included in (8.1) when P = Pgjh = Pg — Ph. Similarly, the high-level form of 
the nest correlators are obtained from (8.1) when 

n 

P = Pg,H,,.../U^=Pg + Y.i-yPh, (8-3) 

and we have checked that the four-point conformal blocks of these correlators 



agree with the nest conformal blocks obtained in Ref.|n 



B. Induced flat connections for ICFT. It was suggested in Ref.[13| that the n- 



point correlators of ICFT might satisfy a PDE with fiat connections, 

diA = AWi[L] , Wi[L] = —Y^^^ + 0{k-^) (8.4) 



and our result (8.1) was obtained in eq.(14.3) of [|T3| as the solution to this equa- 
tion. The derivation of (8.1) in the present paper confirms this conjecture to the 
indicated order, and we observe that the conjectured form of the fiat connection 
in (8.4) is precisely the high-level form of the fiat connection Wi{z, zq). 

Considered with the result (6.4) for the induced fiat connections of the 
finite-level coset correlators, this observation suggests a stronger form of the 
conjecture, namely that 

W,iL,z,zo) , W,mzo,z) (8.5) 

are the finite-level induced fiat connections of the L and the L theory respec- 
tively, where zq is a regular reference point. This conjecture should be investi- 
gated vis-a-vis finite-level factorization, as discussed in Ref . |T^ . 



C. 5'L(2,1R) covariance. With Ref. |T^, we verify the expected S'L(2,1R) rela- 
tions, 

J2 d,A[z, ^o) = Y.^zA + A,JA(z, ^o) = E(^.'^, + 2z,A,JA(z, z^) = 0{k-^) 

i=l 1=1 i=l 

(8.6) 

using the global Ward identity (7.2b) and the known conformal weights A = 
diag(L"''7^7b) of the broken afiine primary fields. 
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D. Two- and three-point correlators. Choosing n = 2 in eq.(8.1), we obtain the 
high-level two-point correlators of ICFT, 



where we have used the fact that the two-point affine-Sugawara correlator 
Af'^^{zo) = r]°'^°'^{T^)5{T^ - f i)/(z?2)^^' is proportional to the inverse car- 
rier space metric ^^"i^a^'T'i^ Qf representation T^. 

Choosing n = 3 in eq.(8.1), we obtain the high-level three-point correlators 
of ICFT, 

(8.8) 

/^O \ A^^+Aaj-Aag / \ AQj+Aa3-A„2 / g \ A<^2+Aq3-Aqj 

(i) (i) -^^'-'^ 

where the three-point affine-Sugawara correlators ^|^i"2"3 g^j^g proportional to the 
Clebsch-Gordan coefficients of the decomposition ® into T^. The result 



(8.8) is an independent confirmation of a conclusion reached in Ref. [Q: The 
high-level fusion rules of the broken affine primaries follow the Clebsch-Gordan 
coefficients of the representations. 

E. Invariant four-point correlators. The high-level invariant four-point correla- 
tors of ICFT are known [|14|. To check our results against these, recall that the 
invariant correlators were obtained in the KZ gauge, where 

F"(-u, Mo) = I Yi^ij^ I ^"(^5-2o) , u = ^i^^ , a = (01020304) (8.9a) 

\i<j J ^14^32 
7l2 = 7l3 = , 7l4 = 2 , 723 = + + ^a; - 

724 = -Aa^ + - A„3 + Aa4 , 734 = -A„j - A^^ + A„3 + A^^ 

(8.96) 

Substituting our result (8.1a) for n = 4 into (8.9a), we find 

Y^{u,u^) = Yl{u,u^)d{o) , d{o) = i{{zly'^ (8.10) 
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after some algebra with the global Ward identity (7.2b). Here, d{a) is an irrel- 
evant constant and the -u-dependent factor, 



Ff(w,no) = lfM(l+^ 



k 



u 



Uo 



a b 



1-U 
1-Uo 



2k 



+ 0{k' 



+ o{k-') 

(8.11a) 
(8.116) 



is exactly the result of Ref . ||T4| . 

F. Induced non-local conserved quantities. As seen for the coset correlators 
in Section 6, the non-local conserved quantities of the high-level biconformal 
correlators induce non-local conserved quantities for the high-level conformal 
correlators. 

To see this, we need the induction identity 



TDab 



^0 



\Qa{z,z) 



TDab , ^ 

g.(z, ^o) 1 1 + — E '^^V iM # ) 1 + ^(^"') 



(8.12) 



k 



i<j 



which follows from (7. Id) in analogy with eq.(6.5). Then, following the argument 
in (6.6) and (6.7), we find that 



A{z,zo)Qa{z,zo) = 0{k , a = l,...,dimg 



(8.13a) 



Qaiz^zo) =Ql+[Qi,-rrY.V%nni^]] + 0{k-') (8.136) 

i<j \^ijJ 

= Y.V + -^-^ E VV In ^ + 0{k-^) (8.13c) 

is induced from the invariance (7.1c) of the biconformal correlators. This result 
can also be verified directly from the high-level correlators in (8.1). 

Taken together with the induced non-local (yf- invariance (6.7) of the finite- 
level coset correlators, the result (8.13) strongly suggests that 

(8.14) 
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are the finite-level induced non-local conserved quantities for the L and L theory 
respectively. This conjecture should be considered in parallel with the conjec- 
tured form of the induced fiat connections in eq.(8.5). 

G. Physical singularities. The high-level correlators (8.1) exhibit the correct 
singularities in all channels Zi Zj. For simplicity, we discuss this result for 
Zi — > Z2, called the 1-2 channel, but any pair of ^'s may be similarly chosen. 

To begin, we expand the affine-Sugawara correlator A'^{zq) in (8.1a) in a 
complete set of invariant tensors v'^ oi ® ■ ■ ■ ® T" 



^,"(^o) = E [i?];zo)<(r,e, [R]) (8.15a) 

n 

A,{z,)Qi = Vr.{r,i,[R])Qi = Q , Qi = Y.V (8.156) 

i=l 

where the coefficients A^^^ are related to the n-point affine-Sugawara blocks at 
Zq. In (8.15), we have chosen the invariant tensors in a basis appropriate to the 
1-2 channel, 

m = E <^"^"^(r,0^a,...(^^)<l?-""([^]) (8.16a) 

OLrOLf 

v,{T^ + r^ + T:) = Q , Vn-i{T: + r^ + ... + T:) = Q (8.166) 

where is an irrep of g in the 1-2 channel, rja^ari'^^) is its carrier space metric, 
and fg , are the invariant tensors of 

r^®r^®r , f ®---®r'' (8.17) 

respectively. The argument ^ in (8.15), (8.16a) labels different copies of T'' 
and [R\ collects the other couplings of The result (8.16) was obtained by 

studying Haar integration over n matrix representations g{T^), i = 1, ... ,n of 
the group g. 

It will also be helpful to recall that 



,0 = Ef"^ "^^^')ry--(n (8.18a) 



2 J Uf 



^3 



/3l/32«r 



;r,0[2L"''T;T,^]^,^,-- = t;3— (r,0(A.„(T^-) - K-,{T') - K,{T^)) 

(8.186) 
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where (■ ■ ■) is the Clebsch-Gordan coefficient of T* into T^. 

Using (8.15), (8.16) and (8.18b), we extract the form of the high-level cor- 
relators as zi — ^ ^2, 

A"{z,z,)_c^_ A(^.e,[i?];^o)t^3^"^"^(^O^a.a.(Tof^ 

X A^r?) -""(^2 zl r\ Z3 zl T\...rzn zl r")[i?] + 0{k-^) (8.19a) 

1)-"" (^2 ^2° ^0 ^3 zl T\...rZn zl T") 

= et-^"([i?])[l + ^(E^:^^lnf5^)+ E T;^^lnf|f))],XX" • 

(8.196) 

This result shows the correct factorization of the high-level n-point correlators 
into the high-level three-point correlators times the high-level in — l)-point cor- 
relators, including the correct conformal weight factor for broken affine primaries 
in the 1-2 channel. Since the three-point invariant tensors (8.18a) are propor- 
tional to the Clebsch-Gordan coefficients, the high-level fusion rules [|14| of ICFT 
are also visible here. 




9 Conclusions 

Irrational conformal field theory (ICFT) includes rational conformal field the- 
ory as a small subspace, and the affine- Virasoro Ward identities describe the 
biconformal correlators of ICFT. 

We have seen that the Ward identities are equivalent to a linear partial 
differential system with fiat connections and unsuspected new non-local con- 
served quantities. In this formulation, the equations of ICFT are clearly seen 
as generalized KZ equations, including the KZ equation itself as the simplest 
example. 

As examples of the new formulation we solved for the coset correlators, the 
correlators of the affine-Sugawara nests and the high-level n-point correlators of 
ICFT. In the latter case, our results agree with the known high-level four-point 
correlators and continue to show good physical behavior for n 7^ 4. 
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Having seen this elegant structure in ICFT, we may remark on an outstand- 
ing technical problem of the program: We have been studying ICFT primarily 
by pedestrian methods, that is, by computing and summing the connection mo- 
ments. It is important now to develop new methods which compute the flat 
connections more directly. 
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Appendix A: Invariant flat connections 

Following the development in Sections 2 and 3, we may also translate the 
invariant four-point Ward identities [13,14] 

= Yg{u)W,p{u) (A.la) 
Y,{u)^Y{u,u) , Y,iu)Ql^O , Qi^j^r: {A.lh) 

i=l 

into the system of invariant flat connections, 

dY(u, u) = Y(u, u)W(u, u) , dY(u, u) = Y(u, u)W(u, u) (A.2a) 

Y{u,u)Qa{u,u) = , a = 1, . . . , dim {A.2b) 

where Yg{u) is the invariant affine-Sugawara correlator, Y{u,u) is the invari- 
ant four-point biconformal correlator and Qa{u,u) are the invariant non-local 
conserved generators of Lie g. 
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Drawing on known results [13,14] for the invariant system, we obtain the 
following partial list of relevant relations, 

{d + W)W ^ {d+W)W {A.Sa) 

= {d + Wy{d + Wri\^=u (A.Sb) 

Y{u, u) = Yg{u)F{u, u) = Yg{u)F{u, u) (A3c) 

Yg{u) ^Yg{uo)Y{u,Uo) , dyYg{u,Uo) ^Yg{u,Uo)W'^{u) , Yg{uo,Uo) ^1 

(A.Sd) 

F{u, u) = c/*e/>«'^("''") = £ "/"^V goH {A.3e) 



OO _ 

9=0 

{u - uf 



F{u, u) ^ [/*e/^"'^M = ^^-r^^^op(«) (A.3/) 

p=o ^'■ 

u) = Ygiu, u)F{u, u) {A.Zg) 

W ^ F-^dF = F-^{d + W\u))F {A2h) 

W ^ F-^dF ^ F-^{d + W^{u))F {AM) 

\ UL U/ J- j 

Wiu, u) = Wol iu) = 21^"^ + (A.m 

\ u u — 1 J 

W(u, u) + W(u, u) = W^iu) = 2Lf ( + S2 ) (AM) 

^ \ u u — 1 J 

Qaiu, u) = F-\u, u)QlF{u, u) = F'^u, u)QiF{u, u) {A.3m) 
[Qa{% u), Qb{% u)] = ifabVciu, u) {A.3n) 

DQa = dQa+[W,Qa]^0 , DQa = dQa + [W, Qa] ^ (A3o) 

D{YQa) = 9(yg„) - iYQ,)W = , D{YQa) = d{YQ,) - iYQa)W = 

{A.3p) 

^sHQa = Y{uo, Uo)Qaiuo, uq) ^ Y{u, u)Qaiu, u) ^ (A.^q) 

in complete analogy with the results of Section 2 and 3. In (A.3e) and (A.3f), 
U* is anti-ordering in u. 
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For K-conjugation and crossing symmetry we obtain the relations, 

F{L,u,u) , F{L,u,u) (AAa) 

W{L,u,u) , W{L,u,u) (AAb) 

F{L = L^,u,u) = F{L = L^,u,u) , F{L = L^,u,u) = F{L = L^,u,u) 

{AAc) 

W{L = L^,u,u) = W{L = L^,u,u) , W{L = L^,u,u) = W{L = L^,u,u) 

[AAd) 

Y{u,u)\i^L = Y{u,u) (AAe) 
Qaiu,u)\i^L = Qaiu,u) (AAf) 
F{l -u,l-u) = P23F{u, u)P2s , F{l-u,l-u) = P2sF{u, u)P2s (AAg) 

Wil -U,l-U) = -P23Wiu, U)P2S , Wil-U,l-U) = -P23Wiu, u)P23 

{AAh) 

Qa{l -U,l-U)= P23Qa{u, u)P23 (AAl) 

where P23 is the exchange operator which satisfies -P23^^-P23 = P23 = 1- 
For the general nest, we find the invariant evolution operators, 

F[L = Lg/h,/.../h2n+i ,u,u] = Yg{u, u)Yh^ (m, u) ■ ■ ■ Yh^^^^ (u, u) {A.5a) 

F[L = Lh,/.../h2n+i . '«] = Yh, {u, u)--- Yh2„^^ {u, u) {A.5b) 

F[L = Lg/h,/.../h2„,%u] = Yg{u,u)Yh^{u,u) ■ ■ ■Yh2^{u,u) {A.5c) 

F[L = Lh,/.../h2rr ,u,u] = Yh, (m, m) ■ ■ • Yh2„ (m, u) {A.5d) 
where Yh^{u, uq) is the invariant evolution operator of hi, 

dYhAu,uo) = YHXu,uo)W''^{u) , YhXuo,uo) = l . (A6) 

Using (A.3c,h,i) and (A. 5), one may obtain the invariant fiat connections W, W 
of the nests and their known |jl^ invariant four-point biconformal correlators. 
We have also checked that W{u,Uo) and Qa{u,Uo) are the induced connections 
and induced non-local conserved generators of g for the invariant coset correla- 
tors {Yg{uo)Yf^^ (u, uo))°' obtained in Ref . ||T3| . 
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The relevant high-level results are: 

pah 



F{u,u) = 1 + 
F{u,u) = 1 + 



k 

pab 



l-u 
1-u 

l-u 



k V \uj ' \l-u 
W{u,u)^Ww{u) + 0{k-^) 

W{u,u)^Woiiu) + 0{k-^) 



+ o{k-^) 



{A.7a) 

{A.7b) 

{A.7c) 
{A.7d) 



Y{u,u) = Yg{uQ) 



pab / 



u 



X 



1 + 



•ab 



k 



(Wln( 



u 



Uo 



1 - Wo 

l-u 

1 - Mo 



Y(u,u)Ql{u,u)^0(k-') 



+ o{k-^) 

{A.7e) 
{A.7f) 



Qa(u, u)^Qi + [Qi, ^(r;r„2 In (I) + r„^r,3 in (^) )] + 0{k-') {A.7g) 



pab 
1 



= Q^a + ^(^a In ( ^ ) + T^T,^ In 



1 -M 



)] + o{k-') 



{A.7h) 
{A.7i) 



.l-u. 

Y^{u,uo)Qi{u,uo)^0{k-') 

The high-level invariant conformal correlators Yi{u,U()) in (8.11a) and (A.7i) 
can be read from the factorized form of the high-level invariant biconformal 
correlators in (A.7e). We have also checked that W{u,Uo) and Qa{u,Uo) are 
the induced connection and induced non-local conserved generators of g for the 
high-level correlators Yi{u,Uo). 



Appendix B: Flat connections and connection moments 

In this appendix, we work out in further detail the formula of the text, 

Wi{z, z) = F~\z, z)diF{z, z) (B.la) 

oo 2 P 



p=0 ii...ip /i=l 



(B.lb) 
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which expresses the flat connection Wi in terms of its one-sided connection 
moments Wo,n..ip- 

Using (1 + x)'^ — J2'iLo{—Yx^: we have the more exphcit form of the flat 
connection, 

OO / OO -I P 



r=0 \p=l P' ii...ip fi=l 



OO -j^ s 

^s=0 ■ ki...ks ^=1 

which can be rearranged as follows, 

OO ^ p 
p=0 ii...ip /i=l 



{B.2) 



{B.3a) 



Pn...iA^) =di^--- dipWi{z, z) 



OO OO OO 



1 



= E(-rE---EE^b-^-Ep^),,n^ 



r=0 

X E W^0,n...ipiM^0,ipi+i...ipi+p2 • • • W^O,ip- 

V(ii...ip) 



(BM) 



Pr — s-\-l---'^p—s ^'^Oj^p— s+1 • 



. (5.3c) 



This is a computationally convenient form of the flat connection, and we find, 
for example, that 

P^ = Wo,^ (5.4a) 

Pni = Wo,i,i-Wo,i,Wo,i {BAh) 



^W^o,ni2i - W^o,nW^o,i2i - ^W^o,ni2^o,i + W^o,n W^o,i2 W^o,i 



Similarly, we have the alternate expansion. 



+ {ii ^ 12) ■ 
(BAc) 



Wi{z, ^) = E E - ^v)crn...v(^) (^-So) 

p=0 ^' ii...ip /i=l 

(7n...ipi(2;) = • • • di^Wi{z, z%=^ 

p (^_y-r (B.bb) 

~ E 7 nTI' E ' ' ' ^irPir+i—ipii^) 

.=o(p-^)!^!p(,,..,,) 
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Ti = Wo,i {B.5c) 

(B.be) 

Using (2.17a), similar results for Wi = F~^diF are easily obtained. 

Using eqs.(A.3f) and (A.3i) of Appendix A, we also give the corresponding 
results for the invariant flat connection and its one-sided connection moments: 

W{u,u) 



r=0 



pi 



±^^!L_3lwo,sMu)] {B.6a) 



= L li Ppi^) = 2^ 



\s=0 



u — u] 



s\ 



p=0 



p=0 



-ap{u) 



Pp{u) = &'W{u,u)\u=u , crpiu) = &'W{u,u)\u=u^J2i-) 



r=0 



p 



(BM) 



oo c» oo 



p\ 



pM = U-y E ••• E E^(p-^-Ea) .^^ . 

r=0 pi=l p^=ls=0 1=1 *-lli=lA- 



Pi = Wo2 - W^, 
P2 = Wo3 - 2WoiWo2 - W02W01 + 2W^^ 

(To = Wol 
(Ti = dWoi - W02 + W^oi 

(72 = d^Woi + 2dW^^ - 2dWo2 + W^o3 - 21^01^^02 - W02W01 + 2W, 



{B.6c) 

Wop,Wop,---Wop^Wo, s+1 

(BM) 
(B.6e) 

{B.6f) 



01 



{B.6g) 
(B.6h) 
{BM) 
{B.6j) 



Appendix C: Non-local generators of g and connection moments 

In this appendix, we work out in further detail the formula of the text, 

Qa{z,z) = F-\z,z)QiF{z,z) , a=l,...,dimy (C.l) 
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which expresses the non-local generators of g in terms of the global generators 
of g and the one-sided connection moments Wo,i^...ij,. 
Following the development of Appendix B, we find 

oo -j^ p 
p=0 ^' ii...ip fj,=l 

(C.2a) 

p=0 ^' n=l 

{Qa)h...ip{z) = ■ ■ ■di^Qa{z,z)\^=^ , {qa)h...ip{z) = Bi^ ■ ■ ■di^Qa{z,z)\^=^ 

{C.2b) 

cxD oo oo oo r 



r=0 Pl = l Pr=l •5=0 



i=l ^■lli=lPi- 



Vih-.-ip) 

{C.2c) 

(Qa) = Ql (C.2d) 

{qah = Wo,,] iC.2e) 

(qa) = Ql iC.2g) 

{Qah = -iQlWo,,] {C.2h) 

{qa)in. - ^i^AWo,^,),Ql] + [QlWo,i^i.] + W^O,(n ^0..) , Q^J ■ {C .2l) 

For the invariant non-local conserved quantities Qa{u,u) — F~^{u,u)QlF{u,u) 
in (A. 3m), we find the analogous results, 

p=o P- p=o P- 

{qa)p{u)=d^Qa{u,u)\u=u , {qa)p{u) = d^Qa{u,u)\u=u (C.36) 

oo oo CXD oo r I 

{<ia)p{u) = u-r E • • • E E - - - EpO^tt^ 

r=0 pi=l p^=ls=0 i=l ^■lli=lPf (C.3c) 

{qa)o = Ql (CSd) 
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{qa)i = [QlW^i\ 

{qa)2 = [QlWo2]+2Woi[Woi,Qi] 
{Qa)0 = Ql 

iqa)i = -[QlWoi] 
{qa)2 = 2d[Woi, Qi] + [Ql W02] + 2Woi[Woi, Qi] 



{C.3f) 
(C.Sg) 
{C.3h) 
(C.3i) 



(C.3e) 
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